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Abstract 



We consider cohomology of small categories with coefficients in a 
natural system in the sense of Baues and Wirsching. For any func- 
tor L : K — > CAT, we construct a spectral sequence abutting to the 
(~| i cohomology of the Grothendieck construction of L in terms of the co- 

I homology of K and of L(fc), for k e ObK. 
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^ ■ 1 Introduction 

00 ■ Given a functor L : K ^ CAT, there is a well defined category jp, L called the 

I Grothendieck construction of L. Our aim is to construct a spectral sequence abut- 

ting to the cohomology of J^, L whose E2 term is given in terms of the cohomology 
of K and of L(fc), for fc e ObK. 
f-"^ . If one takes the cohomology of small categories with constant coefficients then 

the existence of such spectral sequence is a consequence of Thomason's work jlj. 
In this paper we consider cohomology of small categories with coefficients in a 
' natural system in the sense of Baues and Wirsching |BW| . For a natural system 

. D on Jj^ L and an object k of K, there is an induced natural system on L{k). 

We show that, under some condition on D (sec Theorem l5.1|l . there is a convergent 
spectral sequence 



=Hf(K,H'(L(.),D(.))) =^Hf+«(/j,L,D), 

where IHI''(L(.), D( )) is a contravariant functor on K which assigns to an object k 
the group H''(L(fc), Dfc). We deduce this result from another spectral sequence (see 
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Theorem I4.1|l which holds for any natural system D but involves cohomology of 
some related categories L(fc) instead of L{k). 

Some particular cases have been already considered in the literature. For in- 
stance, if K is the one object category associated to a group G, and the natural 
system D comes from a bifunctor, the mentioned spectral sequence has been con- 
structed in jCRj . see Remark 15.31 Another particular case appears in P], where K 
is arbitrary but L has values in sets, that is, in discrete categories. 

2 Baues-Wirsching cohomology 

Here we fix notation and we prove some elementary facts which will be needed 
later. For a small category C we let J^C denote the category of factorizations in C 
|BW| . Objects of J-'C are the morphisms in C, and a morphism from a : x —> y to 
/3 : u — > u is a pair (i^ : m — > a;, ^ : y ^ u) of morphisms in C such that /3 = ^av, 
that is, one has a commutative diagram 

X ^ ^y 



V 



The composition in J-C is defined by — {v' v,^^'). A natural system 

on C is just a covariant functor D : TC — > Ab. Now, following |BW| . one defines 
the cohomology H*(C, D) as the cohomology of the cochain complex F*(C, D) given 

by 

F"(C,D)= \{ D(ai---a„) 

Co < ^ c„ 

and the coboundary map 

d : F"(C,D) ^ F"+i(C,D) 

is given by 

(c(/')(ai, • • ■ ,a„+i) = (Q!i),/(a2, • • ■ 

+ Z]"=i(-l)'7(ai: • • ■ -.aitti+i, ■ ■ ■ ,a„+i) 

+(-l)"+i(a„+i)*/(«i, •••,««). 

Here, and in the rest of the paper, we use the following convention. For a : a; — > y 
and elements a £ D{u,x),b G D{y,v), we write a, a and a*b for the image of 
the elements a and b by the homomorphisms T){idu,a) : D{u,x) — * D{u,y) and 
D{a,idy) : D{y,v) D{x,v) respectively. 



2 



Consider the natural functors 

P2 



TC ^ C°P X C ■ 



c°p ^ 1 

where the first top functor sends an arrow a : c ^ d to the pair {c,d), pi and p2 
are projections and, finally, 1 is the category with one object and one arrow. Then 
one gets that any bifunctor, covariant, contravariant functor or any abelian group 
gives rise to a natural system, and then Baues-Wirsching cohomology generalizes 
known theories. 

Natural systems coming from the functor 1 Ab are called constant. In this 
case, the cohomology of C is the same as the cohomology of the corresponding 
classifying space. 

We will need the following easy and well-known result. 

LEMMA 2.1 Assume C has an initial object and D is constant. Then 

H"(C,D) = (^ 

Proof. It follows from the fact that the classifying space BC is contractible, see 
§1, Corollary 2]. □ 

The following result is a specialization of |FFPS[ Lemma 1.5, page 10], setting 
C = TA, D = and F the constant natural system on C with value Z. 

LEMMA 2.2 Let (l, r) he an adjoint pair from A to B. Then for any natural 
system G on B one has the natural isomorphism 

B*{A,r{G)) ~n*{B,G). 

Proof. Observe first that the induced pair {!F{l),!F{r)) from IF A to !FB is also 
an adjoint pair. Then we can use formal adjunction. □ 

However we need more sophisticated relationship between cohomologies of cat- 
egories involved in adjoint situation. The following result is a bit more general than 
one proved recently by Muro (see 'M!, Theorem 6.5]); his proof uses explicit homo- 
topies, which he constructs using 2-categories. Here we use completely different 
ideas. 

PROPOSITION 2.3 Let {I, r) be an aJjoint pair from C to C . Assume E is 
a natural system on C, and let E and E be the natural systems, on C and C 
respectively, defined by 

E(c^d) := E(e<joa), 

E(m ^ v) E(r(u) f'i'v)). 
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where e : idc —>■ rl is the unit of the adjunction. Then 

H*(C',E) ~ H*(C,E). 

Proof. Varying E in the category of all natural systems defined on C, one obtains 
two sequences of functors 

(E^H"(C,E))„>o 

and 

(E^H"(C,E))„>o 
such that for any short exact sequence of natural systems on C 

O^Ei^E^Ea^O 

there are corresponding long exact cohomological sequences in both theories. More- 
over cohomology respects products, therefore it suffices to show that both theories 
vanish on injcctive cogenerators in positive dimensions and have same values in 
dimension zero. 

Let us recall that in a category of functors, the injective cogenerators are "du- 
als" of rcprcsentablc functors. Therefore in the category of natural systems on C, 
the injective cogenerators are natural systems J^, where fx : a b runs over all 
morphisms in C and, for any morphism a : c —>■ d, one has 

J^(a) =Maps(5^(a),Q/Z) 

where : .FC°p — > Sets is given by 

S'^(a) = Homj^dct, m) = j'* c, d 6 | ipau = /i| . 

One has an obvious isomorphism of cochain complexes 

F*(C,J^)~F*(C^,Q/Z) 

where on the right hand side the cohomology is taken with constant coefficients, 
while is the category whose objects are pairs 

(a ^ c, r/(c) ^ b) 

such that tp o ° 1^ = H, while a morphism from to (y' is a morphism 

f3 : c' such that the following diagrams 




rl{c') 
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commute. Let us observe also that rl{f3) occ = Cc' ° P, since e is a natural transfor- 
mation. Now let be the set of morphisms 7 : rl{a) b such that 7oe„ = /i. For 
any 7 G A^^ we let C^,-y be the full subcategory of C^;, consisting of objects {1^, tp) 
such that tp o rl{u) = 7. It is clear that C^^j f] C^^y = provided 7 7^ 7'. It is also 
clear that for any object {u. ib) G one has that (i', G ^n,-y for 7 = o 
Thus is the disjoint union 

= |_J c^,^. 

Since for each 7 G A^, {ida,j) is an initial object in C^ ,^, we obtain 

H"(C,J^)= 

Next we consider the cohomology H*(C', J^). Since 

Ff(C',J^)= n J^(a;io...ou;p) 



0, n > 0; 

Z[A^], n = 0. 



and J^(a;i o • • • o uip) = flQ/Z, where the product is taken over all morphisms 
r{w 1 o ■ ■ ■ o uip) ^ ^ in TC, it follows that one has an isomorphism of complexes 

F*(C',J^)c.F*(C;,,Q/Z) 

where on the right hand side the cohomology is taken with constant coefficients 
and is the category whose objects are triples 



(m, a — ^ 'i'{u), r{u) 



b) 



such that tp o V = ^, while a morphism from (m, u, tp) to {u' , v' , tp') is a morphism 
T : u ^ u' such that the following diagram 

r(u) 






r{T) 




r(w') 

commutes. By adjointness, for any 1/ : a — > r{u) there exists a unique ?> : l{a) 
such that the diagram 

rl{a) 
r{u) 
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commutes. Then it follows that has the following equivalent description: objects 
are triples 

{u, l{a) — ^ u, r{u) b) 

such that /X = V o r{u) o e^- Recall that A^^ is the set of morphisms 7 : rl{a) b 
such that 7 o Co = /X- So, for any 7 G we let be the full subcategory of 
consisting of objects {u, (>, ip) such that ■ijjor{iy) = 7. It is clear that ^, P| ^, = 
provided 7 7^ 7'. It is also clear that for any object («,/>,■(/') € CJI^ one has that 
{u, V, tp) £ C'^^j for 7 = 7/; o ^(15). Thus CJ, is the disjoint union 

= U 

Since for each 7 G A^, {l{a), idu^a) > 7) (K*^); f'a; 7) is an initial object in CJ, we 
obtain 

-an/r^l T -\ _ J 0) n > 0; 

□ 



We encountered the following lemma, which we think is of independent interest, 
when looking for the proof of the previous proposition. 

Let a be an object of a small category C and let T : Sets be a functor. 

For any m € T(a) we define a functor 

5a,T,m : ^C°P ^ Sets 

using the following rule: 

5a,T,m(a ■.c^d) = {{a^c;r& T{d)) \ r]*a*{r) = m}. 
For any abelian group A we put 

Da,T,m,A(Q! : C ^ d) = Maps(5a,T,m(Q!), 

Then Da^T,m,A '■ — > Ab is a natural system. 

LEMMA 2.4 For any small category C, any functor T : — > Sets, on?/ efe- 
meni m e T(a) and any abelian group A, one has 

Proof. Consider the category Co^T.m whose objects are pairs {rj : a d,r G 
T{d)), with r]*{r) =m. A morphism from {r],r) to {ri',r') in Ca,T,m is a morphism 
(3 : d ^ d' such that Prj = rj' and f3*{r') = r. Then one has an isomorphism of 
complexes 

F*(C,D„,t,™,a) =F*(C„,T,™,A). 
Since {ida,m) is an initial object of Ca,T,m the result follows. □ 
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3 Grothendieck construction and Thomason's func- 
tor 

Now we recall the classical construction due to Grothendieck |SGA1I Expose VI.8]. 
Let CAT be the category of all small categories. For any small category K, and 
any functor 

L : K ^ CAT, 

the category /j^L is defined as follows: objects are pairs {k,x) with k G ObK 
and X G ObL(A;). A morphism {ko,xo) — > in Jj^ L is a pair (a,^) where 

a : fco ~^ ^1 is a morphism in K and ^ : L(Q!)(a;o) ^ xi is a morphism in L(fci). 
Composition law is given by 

(a,0(«',n = °L(«)0- 

Let L : K CAT be a functor. In |t1 Definition 1.2.2], Thomason defines a new 
functor 

L : K ^ CAT 

as follows. For any object k in K, the category L(A:) has as objects pairs (a, x) 
where a : / ^ fc is a morphism in K and x is an object in L(/). A morphism 
{a,x) {a',x') in L(fc) is a pair {(3,£,) with (3:1^1' and ^ : 'L{(3){x) x' , such 
that the diagram 



/3 




k 



I' 

commutes. Composition is given by 

It is clear that L(fc) is a well defined category. Moreover, if 7 : fc — > fc' is a morphism 
in K, then we have a functor 

L(7) : L(fc) ^ L(fc') 

given by 

L(7)(a,a;) = {ia,x), 
L(7)(/3,C) = 

for any {a,x) G ObL(fc), (/9,^) G MorL(fc). In this way we get a functor L : K ^ 
CAT. 
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4 The first spectral sequence 



Keeping the notation of the preceding section, consider for each object k in K, the 
forgetful functor 

ik : L(fc) /k L 

given on objects by 

ik{a : I ^ k,x) — (I, x) 

and on morphisms by 

If D is a natural system on J^, L, the functor induces a natural system iJ;D on 
L(fc), for any k G ObK. Thus we can consider the cohomology H*(L(fc), i^D). For 
any morphism 7 : fc — > fc' in K one has a commutative diagram of functors 

L(7) 

L(fc') 

In particular, i^D = L(7)*i^,D, and therefore we have a well defined homomorphism 
in cohomology 

H*(L(fc),z*D)^H*(L(fc'),*fc'D). 
In fact, we have a functor, 

H*(L(.),i(.)D) : K°P ^ Ab, 
sending k e Ob(K) to H*(L(fc),ip). 

THEOREM 4.1 Let K be a small category, L : K ^ CAT a functor and D a 
natural system on Jj^ L- Then there is a first quadrant spectral sequence 

EP« = HP(K,H'?(L(.),i(.)D) :^HP+«(/j^L,D). 

Proof. The proof is inspired by an argument given by Thomason in jTl Lemma 
1.2.4]. Let C** be the bicomplex defined as follows. For any p,q > let M^'* be 
the set of all triples 

[lo ^ ■■■ ^ ip ; [Jo, xo) < — •■• < — [Jq,Xq) ; ip ^ Jo) 

consisting of p composable morphisms ai, • • ■ , in K, q composable morphisms 
■ ' ■ J iPqi £,q) in /k ^^'^ ^ morphism in K connecting the first component 
of the target of ^1) with the source of Up. Now we set 



8 



where the product is taken over the set M^''. The homomorphisnis 
are given by 

; ; 7) = 

= /(a2,---,ap+i ; - ■ ■ ,{Pq,iq) ; 7) 

+ Er=i(-l)*/(Q:i,---,ata;t+i,---,ap+i ; (A, 6), • • • , Cg) ; 7) 
; ; ap+i7) 

and 

; (/3i,a), ■ ■ • , (/3,+i, ^,+1) ; 7) = 
= (/3i>^i)*/(Q:ir--,Q:p ; (/32, 6)> • • • , Cg+i) ; 7/3i) 

+ E?=i(-i)*/(ai,---,ap ; a), (A, 6+1), •••,(/?«+!, ^g+i) ; 7) 

+ ; ; 7)- 

Let Tot(C**) be the total complex associated to the bicomplex C** = (C^'?, 5p^\ (-l)^^^'^). 
First we define the morphism of complexes 

0* :F*(/j^L,D) ^C°'* 

using the following formula 

ct>'{f){io ; (jo,aro) ^"^'^ ■ ■ ■ ^^^'^ {jq,x,) ; io ^ jo) = /((A, 6) o ■ • • o 
Since the composition 

F*(/j^L,D) C°'* ^ C^'* 

vanishes, 0* induces a homomorphism of complexes (j)* : F*(/j^ L, D) Tot*(C**). 
We claim that cj)* is a quasi-isomorphism. Indeed, it suffices to show that for each 
n > the sequence 

^ F"(/j^ L, D) ^ C°'" ^ C^'" ^ C^'" ^ • . • 

is exact. Note that the complex C*'" can be represented as the product over all 
n-strings 

{jO,Xo) < ••• < {jn,Xn) 
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of the complexes 

F*(KtjO,i?((/3l,Cl)o---°(/3n,en))), 

where K | jo is the category whose objects are morphisms j ^ jo in K and 
morphisms a a' are morphisms t : j ^ j' in K such that the following diagram 
commutes 




jo 



f 

Let us observe that the coefficient Z3((/3i, ^i) • • ■ (/3„, is constant and K f jo has 
an initial object jdj,,, so the claim follows from Lemma |2.1I Now, it follows from 
the spectral sequence of a bicomplex that to finish the proof we only need to prove 
that 

H*(CP'*) = FP(K,]HI*(L(.),i*.)D). 

But CP'* is the product over allp-strings jq ?i • • • ^ ip of the complexes F*(L(ip), i* D), 
and the result follows. □ 



5 The second spectral sequence 

Let K be a small category and let L : K ^ CAT be a functor as above. For each 
object k G ObK, one has an adjoint pair (4, rk) from L(fc) to L(fc) given by 

lk{a,x) = L(a)(a;) and rk{y) = {idk,y) 

for any {I ^ k,x & ObL(Z)) e ObL(fc) and any y e ObL(fc). For a natural system 
D on Jj, L and an object k of K, we have the induced natural system i^D on L(fc). 
Since {lk,rk) is an adjoint pair from L(fc) to L(fc), we can apply Proposition 12.31 
setting Efc = *feD- One has — D^, where is a natural system on L(fc) given 
by 

Dfc(a;o ^ xi) = D((fc,2:o) ^'-^^ ik,xi)). 

On the other hand 

Efe(/3» = D(a,L(a')W) 
for any morphism {(3,ip) : {a,x) {a',x') in L(A;). Hence Proposition 12.31 implies 

H*(L(fc),Dfe) ~H*(L(fc),Efc). (1) 

On the other hand there is a natural transformation i^D Ej. of natural systems 
on L(fc). We will say that the natural system D is h-local provided, for any object 
k in K, the induced homomorphism in cohomology H*(L(fc),i^D) H* (L{k),Ek) 
is an isomorphism. If this holds then H*(L(fc),?^D) = H*(L(fc),Dfe) thanks to 
isomorphism Thus in this case the functors EI*(L(.), D( )) and IHI*(L(.), ^D) 
are isomorphic. By Theorem 14 . II we obtain the following result. 
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THEOREM 5.1 Let K. be a small category and let L : K. ^ CAT be a functor. 
Assume D is a natural system on Jj^ L which is h-local. Then there is a first 
quadrant spectral sequence 

= H^'(K, H'(L(.), D(.))) W+'^U^ L, D), 

where H«(L(.), D(.)) : K°p Ah sends k £ ObK to H9(L(fc),Dfe) and is a 
natural system on L(A:) given by 

Dfc(xo xi) = D((fc,xo) ^"^^ 

□ 

REMARK 5.2 Assume D is a natural system such that the morphism i^D Efc 
of natural systems is an isomorphism. Then obviously D is h-local. In this case we 

will say that D is local. Then D is local if and only if for any morphism (/cq, xq) 
{ki^xi) in /j^ L and any arrow (3 : ko ki, the induced homomorphism 

(/3,«rfL(/3)(fci))* :D(a,0 ^ D((/3, zdL(/3)(fci))*(a, 0) 

is an isomorphism. It is now clear that this condition automatically holds, for 
instance, when K is a groupoid, or K is arbitrary and D is of the form 

D((fco,a;o) {ki,xi)) = M{ko,xo) 
where M : (J^, L)°p ^ Ab is a functor. 

REMARK 5.3 Let fc be a field and let C be a fc-linear category. If G is a group 
acting freely on C, one can consider the quotient category C/G. Now, for any locally 
finite C/G-bimodule Ai, there is a spectral sequence 

E^'-? = HP{G,m{C,hM)) ^ HP+^C/G,M), 

see |CKI Theorem 3.11]. Moreover, the skew category C[G] defined in |CM| is 
equivalent to the quotient category C/G, see |CMI Theorem 2.8]. Assume now that 
K is the one object category associated to the group G. Define L as the functor 
K CAT that sends the unique object to the category C, and morphisms in K 
corresponding to the G-action. One easily sees that for the corresponding fc-linear 
span k[C] one has an isomorphism of fc- linear categories 

fc[C][G] 2. M/kL]- 

Thus the spectral sequence constructed in |CRj gives the spectral sequence con- 
structed in 15. II for such K, when coefficients are bifunctors. 
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REMARK 5.4 Let K be the one object category associated to a group G and let 
L : K CAT be a functor, that is, a category C with a G-action. For any natural 
system D on L , Theorem 15 . II savs that we have a spectral sequence 

EP'" = iJP(G, H^C, D)) ^ HP+'^i L, D). 

In this particular case, an alternative proof can be given using a well-known theo- 
rem of Eilenberg-Zilber-Cartier DP that says that the diagonal of a bicosimplicial 
abelian group is homotopy equivalent to the total complex of the associated bicom- 
plex. Consider the bicomplex C** = G*(G, F*(C, D)), where G*(G,M) denotes 
the Eilenberg-Mac Lane cochains of the group G with coefficients in a G-module 
M, and the G-action on the cochain complex F*(C, D) is given by 

/''(ai,---,Q;p) = (s,id),(s"\id)*/('* "i, "p) 

for any s £ G. An explicit isomorphism from the diagonal of G** to F*(Jj^ L, D) is 
given as follows. For any 51, • ■ • , (7p G G, ai, • • • , ap G C, we set 

"1) o . . . o (5p, Up)) = 

= {gi ■ ■ ■ 9p,idy f{gi, . . .,gp,ai,^^ ^2, • ' ' Up). 
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